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a b s t r a c t
Let G be a 2-edge connected simple graph with girth g and minimal degree δ ≥ 3. If
one of the following conditions is satisfied: (1) |V (G)| < 3M(δ, g); (2) when G is 3-edge
connected, δ = 3 and |V (G)| < 6M(3, g) − 6; or, δ ≥ 4 and |V (G)| < 6M(δ, g), then G is
up-embeddable. Here,M(δ, g) is the Moore bound of the (δ, g)-cage. As a corollary, there
exists a constant c such that when δ > r
√
|V (G)|−6
c + 1 (r = b g−12 c), G is up-embeddable.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Themaximum genus, γM(G), of a connected graph G is the largest integer k such that there exists a cellular embedding of
G in the orientable surface with genus k. Recall that any cellular embedding of graph G has at least one region. By the Euler
polyhedral equation, the maximum genus γM(G) ≤ b β(G)2 c, where β(G) = |E(G)| − |V (G)| + 1 is the cycle rank or Betti
number of G. Graph G is up-embeddable if γM(G) = b β(G)2 c exactly. For graphical notations without explanation, see [1].
The study of the maximum genus of graphs was inaugurated by Nordhaus, Stewart andWhite [2]. From then on, various
classes of graphs have been proved up-embeddable. A formerly known result [3] states that every 4-edge connected graph
is up-embeddable. But, there exists 3-edge connected graphs (see [4]) which are not up-embeddable.
For a spanning tree T in graph G, ξ(G, T ) denotes the number of components of G \ E(T ) with odd number of edges.
ξ(G) = minT ξ(G, T ) is called the Betti deficiency number of G, where the minimum is taken over all spanning trees T of G.
Theorem 1.1 (Xuong [3], Liu [5]). Let G be a graph, then
(1) γM(G) = 12 (β(G)− ξ(G)),
(2) G is up-embeddable if and only if ξ(G) ≤ 1.
Let A be an edge subset of E(G). c(G \ A) denotes the number of components of G \ A, when b(G \ A) denotes the number of
components of G \ A with odd Betti number. In 1981, Nebeský [6] obtained a combinatorial expression of ξ(G) in terms of
the edge cut set.
Theorem 1.2 (Nebeský [6]). Let G be a graph, then
ξ(G) = max
A⊆E(G)
{c(G \ A)+ b(G \ A)− |A| − 1}.
Later, Liu and Huang [7] provided some characterizations for not up-embeddable graphs.
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Theorem 1.3 (Liu and Huang [7]). Let G be a graph. If G is not up-embeddable, i.e., ξ(G) ≥ 2, then there exists an edge subset
A ⊆ E(G) satisfying the following properties:
(1) c(G \ A) = b(G \ A) ≥ 2;
(2) for any component F of G \ A, F is a vertex-induced subgraph of G;
(3) ξ(G) = 2c(G \ A)− |A| − 1.
In this paper, the following main results are obtained.
Theorem A. Let G be a 2-edge connected simple graph with girth g and minimal degree δ ≥ 3. If one of the following conditions
is satisfied:
(1) |V (G)| < 3M(δ, g);
(2) when G is 3-edge connected, δ = 3 and |V (G)| < 6M(3, g)−6; or, δ ≥ 4 and |V (G)| < 6M(δ, g), then G is up-embeddable.
M(δ, g) is the Moore bound for (δ, g)-cage which is defined at the beginning of Section 2.
2. The main results
A δ-(δ ≥ 3) regular simple graph of girth g with the least possible number of vertices is called a (δ, g)-cage. The precise
form of the bound, which is calledMoore bound and denoted byM(δ, g), on the order of a (δ, g)-cage depends on the parity
of g , r = b g−12 c:
M(δ, g) =

1+ δ + δ(δ − 1)+ · · · + δ(δ − 1)r−1 = δ(δ − 1)
r − 2
δ − 2 , for g = 2r + 1,
2(1+ (δ − 1)+ · · · + (δ − 1)r) = 2(δ − 1)
r+1 − 2
δ − 2 , for g = 2r + 2,
which is obtained by considering the verticeswhose distance from a given vertex (or edge) is atmost b(g−1)/2c. Especially,
a simple graph with girth g and minimal degree δ ≥ 3 has at leastM(δ, g) vertices.
Let F be a subgraph of G, E(F ,G) is the set of edges in which each edge has one end in F and another is not in F . The vertex
v ∈ V (F) is called a touching vertex of F when v is the end of some edges in E(F ,G).
The degree dG(v) of a vertex v in graph G is the number of edges of G incident with v. The distance between two vertices
u and v in G, denoted by dG(u, v), is the length of a shortest (u, v)-path in G. For an edge e = xy and a vertex v in G, define
dG(e, v) = min{dG(x, v), dG(y, v)} to be the distance between e = xy and v. Especially, dG(uv, u) = dG(uv, v) = dG(u, u) =
0. For any vertex or edge x in G, the i (i ≥ 0) neighbor set of x in G is Ni(x) = {v|dG(x, v) = i, v ∈ V (G)}.
Lemma 2.1. Let G be a connected simple graphwith girth g andminimal degree δ ≥ 3. H is a connected vertex-induced subgraph
of G with β(H) ≥ 1.
(1) When |E(H,G)| ≤ 2, then |V (H)| ≥ M(δ, g).
(2) When |E(H,G)| = 3, if δ = 3, then |V (H)| ≥ M(3, g)− 1; if δ ≥ 4, then |V (H)| ≥ M(δ, g).
Proof. Obviously, H has at most three touching vertices. If H has exactly three touching vertices, assume that {u, v, w} ⊆
V (H) are the touching vertices of H and dH(u, v) ≤ dH(u, w). Furthermore, the degrees of vertices u, v, w in H are at least
δ − 1 for |E(H,G)| = 3. If H has at most two touching vertices, let {u, v} ⊆ V (H) containing all the touching vertices of H .
In the following, all discussions are confined in the subgraph H , r = b g−12 c.
When H has at most two touching vertices and g = 2r + 1 is odd, if there exists a vertex x in H such that
min{dH(x, u), dH(x, v)} ≥ r , then x has at least δ distinct neighbors in H , and if g ≥ 5, each of which has also at least
δ − 1 distinct neighbors in H . Generally, the argument can repeated up to the point where there are at least δ(δ − 1)r−1
distinct vertices in the last step. By the definition of M(δ, g), the total number of vertices in H is at least M(δ, g); when
g = 2r + 2 is even, if there exists an edge x such that min{dH(x, u), dH(x, v)} ≥ r , then, using a similar argument starting
with the edge x, it can be shown that |V (H)| ≥ M(δ, g).
When H has exactly three touching vertices and δ = 3, if there exists a vertex (or an edge) x in H such that
min{dH(x, u), dH(x, v)} ≥ r − 1 and min{max{dH(x, u), dH(x, v)}, dH(x, w)} ≥ r when g is odd (or even), then, using a
similar discussion, it is easy to obtain that |V (H)| ≥ M(δ, g) − 1; when δ ≥ 4, if there exists a vertex (or an edge) x in H
such that min{dH(x, u), dH(x, v), dH(x, w)} ≥ r , then, in the same way, |V (H)| ≥ M(δ, g). Hence, it is only need to obtain
the following two propositions. 
Proposition 1. There exists a vertex (or an edge) x in H such that min{dH(x, u), dH(x, v)} ≥ r when g is odd (or even).
Proof. Let Pu,v = x0x1x2 · · · xk−1xk, in which u = x0 and v = xk, be the shortest (u, v)-path in H , s = b k2c, t = d k2e. Firstly,
when g = 2r + 2 is even, the demanded edge x in H will be found out in three cases according to k.
Case 1. When 2 ≤ k ≤ 2r , then, u ∈ Ns(xs) ∩ Ns(xsxs+1) and v ∈ Nt−1(xs+1) ∩ Nt−1(xsxs+1).
As xs is not a touching vertex ofH , dH(xs) ≥ 3. There exists a vertex y ∈ N1(xs) such that y 6∈ {xs−1, xs+1}. Now, we choose
the edge x = ab, in which a ∈ Nr−s(xs)∩N|r−s−1|(y) and b ∈ Nr−s+1(xs)∩Nr−s(y), see Fig. 1. By the choice of y, such an edge
x exists. And moreover, when 0 ≤ i ≤ r − 1, all vertices in Ni(xsxs+1) have no common neighbors in Ni+1(xsxs+1), and all
vertices in Ni+1(xs) (or Ni+1(xs+1)) are not adjacent, for otherwise a cycle with length 2(i+ 1)+ 1 < g is formed. Thus, the
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Fig. 1. The choosing of vertex y and edge x = ab.
Fig. 2. The choosing of vertex b′ and edge b′a′ .
shortest path from x = ab to u or v must pass through the vertex xs or a vertex in Nr(xs) ∩ Nr−1(y)which implies:
dH(a, u) = min{(r − s)+ s, s+ 2+ (r − s)} = r,
dH(b, u) = min{(r − s+ 1)+ s, (s− 1)+ 2+ (r − s)} = r + 1,
dH(a, v) = min{(r − s)+ 1+ (t − 1), s+ 1+ (r − (t − 1))} = r + (t − s),
dH(b, v) = (s− 1)+ 1+ (r − (t − 1)) = r + (s− t + 1).
By the definition of s and t , 0 ≤ t − s ≤ 1, thus dH(x, u) = dH(x, v) = r .
Case 2. When k ≥ 2r + 1, then, for the edge x = xrxr+1 in Pu,v , dH(x, u) = dH(xr , u) = r and dH(x, v) = dH(xr+1, v) ≥
2r + 1− (r + 1) = r.
Case 3. uv is an edge in H . It is obvious that there exists one edge x such that min{dH(x, u), dH(x, v)} ≥ r . Or else, H will be
a tree or the girth of H is less than g .
Secondly, when g is odd, using similar discussions, there exists a vertex x inH such that min{dH(x, u), dH(x, v)} ≥ r . 
Proposition 2. When H has exactly three touching vertices u, v, w.
(1) If δ = 3, then there exists a vertex (or an edge) x in H such that min{dH(x, u), dH(x, v)} ≥ r − 1 andmin{max{dH(x, u),
dH(x, v)}, dH(x, w)} ≥ r when g is odd (or even).
(2) If δ ≥ 4, then there exists a vertex (or an edge) x in H such that min{dH(x, u), dH(x, v), dH(x, w)} ≥ r when g is odd (or
even).
Proof. First, when g is even, from Proposition 1, there exists an edge x = ab in H such that min{dH(x, u), dH(x, v)} ≥ r .
If δ = 3, suppose that x = ab is the edge in H such that min{dH(x, u), dH(x, v)} ≥ r − 1, max{dH(x, u), dH(x, v)} ≥ r
and dH(x, w) = i is as big as possible. Furthermore, assume that dH(x, v) ≥ r − 1, dH(x, u) ≥ r and dH(a, w) ≥ dH(b, w).
Clearly, vertex a is not a touching vertex of H . As dH(a) ≥ 3, in the same way as in Case 1 of Proposition 1, there exists a
vertex b′ ∈ N1(a) with b′ 6= b and a vertex a′ ∈ N1(b′) ∩ N2(a), see Fig. 2, such that min{dH(b′a′, u), dH(b′a′, v)} ≥ r − 1,
max{dH(b′a′, u), dH(b′a′, v)} ≥ r . By the maximum of dH(x, w) = i, dH(b′a′, w) = min{i+ 1, r − 2+ 1+ r − i} ≤ i, namely
2r − 1− i ≤ i, thus i ≥ r .
If δ ≥ 4, we assume that x = ab is the edge in H such that min{dH(x, u), dH(x, v)} ≥ r and dH(x, w) = i is as big as
possible. Furthermore, suppose that dH(a, w) ≥ dH(b, w). Clearly, a is not a touching vertex of H . As dH(a) ≥ 4, there exists
a vertex b′ ∈ N1(a), see Fig. 3, such that b′ 6= b and min{dH(ab′, u), dH(ab′, v)} ≥ r . By the maximum of dH(x, w) = i,
dH(ab′, w) = min{i+ 1, r − 1+ 1+ r − i} ≤ i, namely 2r − i ≤ i, thus i ≥ r .
Second, when g is odd, the proof is the same. 
Now, combining Propositions 1 and 2 with the discussion at the beginning part of this lemma, the proof completes. 
Theorem A. Let G be a 2-edge connected simple graph with girth g and minimal degree δ ≥ 3. If one of the following conditions
is satisfied:
(1) |V (G)| < 3M(δ, g);
(2) when G is 3-edge connected, δ = 3 and |V (G)| < 6M(3, g)−6; or, δ ≥ 4 and |V (G)| < 6M(δ, g), then G is up-embeddable.
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Fig. 3. The choosing of vertex b′ .
Proof. Assume that G is not up-embeddable. Then, there exists an edge set A ⊆ E(G) as described in Theorem 1.3. Define
C(G \ A) to be the set of components of G \ A, and
B4 = {F ||E(F ,G)| ≥ 4, F ∈ C(G \ A)};
Bi = {F ||E(F ,G)| = i, F ∈ C(G \ A)}, i = 2, 3;
vi = min{|V (F)||F ∈ Bi}, i = 2, 3, 4.
Clearly,
c(G \ A) = |B2| + |B3| + |B4|. (1)
For each edge e ∈ A, the two end vertices of e must belong to two distinct components of G \ A, because any component
F ∈ C(G \ A) is a vertex-induced subgraph of G. On the other hand, the edge e ∈ E(F ,G)must belong to A. Thus,
|A| = 1
2
∑
F∈C(G\A)
|E(F ,G)| ≥ 2|B4| + 32 |B3| + |B2|. (2)
From Theorem 1.3, (1) and (2),
ξ(G) = 2c(G \ A)− |A| − 1
≤ 2(|B4| + |B3| + |B2|)−
(
2|B4| + 32 |B3| + |B2|
)
− 1
= 1
2
|B3| + |B2| − 1.
As G is not up-embeddable, i.e., ξ(G) ≥ 2, hence
1
2
|B3| + |B2| ≥ 3. (3)
Now, when G is 2-edge connected, by Lemma 2.1, v3 ≥ v2 − 1 ≥ M(δ, g)− 1 ≥ 3, hence
|V (G)| =
∑
F∈C(G\A)
|V (F)| ≥
4∑
i=2
vi|Bi| ≥ v3|B3| + v2|B2|
≥ v2
(
1
2
|B3| + |B2|
)
+ (v2 − 2)12 |B3| ≥ 3v2
≥ 3M(δ, g).
But, this contradicts with the condition |V (G)| < 3M(δ, g). So, G is up-embeddable.
When G is 3-edge connected, by (3), |B3| ≥ 6 for |B2| = 0. Thus
|V (G)| ≥ v3|B3| ≥ 6v3.
If δ = 3, by Lemma 2.1, v3 ≥ M(3, g) − 1, hence, |V (G)| ≥ 6M(3, g) − 6, but, this contradicts with the condition
|V (G)| < 6M(3, g)− 6; if δ ≥ 4, by Lemma 2.1, v3 ≥ M(δ, g), hence |V (G)| ≥ 6M(δ, g), but, this also contradicts with the
condition |V (G)| < 6M(δ, g). So, G is also up-embeddable. 
Through simple calculation,
M(δ, g) =

δ(δ − 1)r − 2
δ − 2 ≥ (δ − 1)
r + 2, for g = 2r + 1,
2(δ − 1)r+1 − 2
δ − 2 ≥ 2(δ − 1)
r + 2, for g = 2r + 2,
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and
M(3, g) =
{
3× 2r − 2, for g = 2r + 1,
2r+2 − 2, for g = 2r + 2.
Thus, the following corollaries are direct results from Theorem A.
Corollary 2.1. Let G be a 2-edge connected simple graph with order n and girth g, r = b g−12 c. If minimal degree δ(G) ≥ 3 and
δ(G) >

r
√
n− 6
3
+ 1, for g = 2r + 1,
r
√
n− 6
6
+ 1, for g = 2r + 2,
then G is up-embeddable.
Corollary 2.2. Let G be a 3-edge connected simple graph with order n and girth g, r = b g−12 c. If one of the following conditions
is satisfied:
(1) if minimal degree δ(G) = 3 and
n <
{
18× (2r − 1), for g = 2r + 1,
6× (2r+2 − 3), for g = 2r + 2,
(2) if minimal degree δ(G) ≥ 4 and
δ(G) >

r
√
n− 12
6
+ 1, for g = 2r + 1,
r
√
n− 12
12
+ 1, for g = 2r + 2,
then G is up-embeddable.
3. Remarks
When G is a 2-edge connected simple graphwith n vertices, from Corollary 2.1, if δ(G) > n3−1, then G is up-embeddable.
In addition, there are infinite number of 2-edge connected simple graphs with δ(G) = n3 − 1 which are not up-embeddable.
For example, letH1 be the graph obtained by replacing each vertex in the complete K3with a complete graph K4t (t ≥ 1). It is
clear that H1 is 2-edge connected and |V (H1)| = 12t , δ(H1) = 4t − 1 = |V (H1)|3 − 1. As A = E(K3) ⊆ E(H1) is an edge cut set
ofH1 and β(K4t) = (2t−1)(4t−1) is odd, |A| = 3 and c(G\A) = b(G\A). Then, by Theorem 1.3, ξ(H1) ≥ 2×3−3−1 = 2,
this means H1 is not up-embeddable.
When G is a 3-edge connected simple graph with n vertices, from Corollary 2.2, if δ(G) > n6 − 1 ≥ 4, then G is up-
embeddable. In the same way, there are infinite number of 3-edge connected simple graphs with δ(G) = n6 − 1 which are
not up-embeddable. For example, let H2 be the graph obtained by replacing each vertex of the complete bipartite graph K3,3
with a complete graph K4t (t ≥ 2). Clearly, H2 is 3-edge connected and |V (H2)| = 24t , δ(H2) = 4t − 1 = |V (H2)|6 − 1. But,
obviously, H2 is also not up-embeddable.
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